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Abstract: We present a qualitative analysis of chiral cosmological model (CCM) dynamics with two
scalar fields in the spatially flat Friedman–Robertson–Walker Universe. The asymptotic behavior of
chiral models is investigated based on the characteristics of the critical points of the selfinteraction
potential and zeros of the metric components of the chiral space. The classification of critical points of
CCMs is proposed. The role of zeros of the metric components of the chiral space in the asymptotic
dynamics is analysed. It is shown that such zeros lead to new critical points of the corresponding
dynamical systems. Examples of models with different types of zeros of metric components are
represented.
Keywords: chiral cosmology; dynamical system; qualitative analysis; critical points

1. Introduction
A Chiral Cosmological Model (CCM) is a self-gravitating nonlinear sigma model (NSM)
containing the interaction potential and employed in cosmological spacetimes. A detailed description
of a historical development and terminology of the CCM, and its application in cosmology can be
found in the review [1]. We just mention here that the term “chiral” is considered in the sense of short
equivalent to the general chiral NSM with a Riemannian metric as a target space in accordance with
terminology in the review [2]. Paradoxically, this term has been applied to pure bosonic NSM which
has no relation to chiral symmetry because pure bosonic NSM does not contain the spinor fields. Thus
the term “chiral” means that the scalar fields are not free and take values on some nonlinear manifold.
Further progress of CCM and connection to multifield models reflected in the article [3]. N-field CCM
analyzed in the work [4].
The search for exact solutions in the CCM is based as a rule on the study of a model with known
character of evolution, i.e., when a scale factor or the Hubble parameter is given [5,6]. Such approach
means that we are working within the framework of a chiral space deformation method [1], i.e.,
we define the geometric parameters (the components of the chiral metric) and the potential both
corresponding to this evolution.
Chiral cosmological models as well as multifield models are a natural generalization of the models
with one scalar field. The single scalar field models were actively exploit in inflationary cosmology (for
a survey of exact solutions construction, see, for example, [7,8] and the monograph [9]). The peculiarity
of CCMs is that they take into account the potential and kinetic interactions between fields. Until
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recently, as far as we know, these characteristics were reconstructed from observational data only in
the work [10].
It is well-known that models with a single scalar field non-minimally coupled to gravity as
well as f ( R) gravity models can be always transformed to models with minimally coupled scalar
field with the canonical kinetic term by the metric and scalar field transformations [11]. In contrast
to this, models with a few fields non-minimally coupled with gravity, in general, do not admit
such a transformation [12]. After the metric transformation, one obtains the CCMs in the Einstein
frame [13,14]. The multifield inflationary models do not contradict the Planck data [15,16] and are being
actively studied [13,14,17,18]. It was recently argued that compared to single field models, a system
with several scalar fields, including CCM, can better reconcile with observation. For instance, it was
shown in Ref. [13] that additional degrees of freedom can produce enough power in the isocurvature
perturbations which could account for the anomaly in the Planck observation data.
It is worth to mention about application of CCMs for description of Dark Matter (DM) and Dark
Energy (DE) [1,10]. In [19] it was given analysis of DE contribution to critical density, the ratio of the
kinetic and potential energies, deceleration parameter, effective equation of state (EoS) on the basis. A
comparison of (proposed in the article [20]) σ CDM with the ΛCDM model was performed also.
In addition to the a priori specified symmetry and reconstruction of the chiral metric and potential
from observational data we can mention about another constraint on the CCM characteristic. Such
constraint can arose when the transition from the gravity theory with higher derivatives in the Jordan
frame is made to the Einstein frame with several scalar fields [21]. The last model can be presented in
the form of the CCM [22]. Indeed, for example, the kinetic scalar curvature extended f(R) gravity was
investigated by “direct” method (direct analysis of equations of the 6th order with respect to a scale
factor and searching of their solution) in the works [23,24]. On the other hand Naruko et al. [21] shows
the possibility to make transition from f ( R, (∇ R)2 , ∇2 R) gravity to Einstein gravity with several
scalar fields, using the Lagrangian multiplier method and the Weyl conformal transformation. In
the work [25], the dynamic equations of the gravitational and scalar fields were derived by direct
variation of the gravitational field metric and by variation of the scalar fields. Equations of cosmological
dynamics in the Friedman–Robertson–Walker (FRW) metric in the presence of an perfect fluid are also
derived. In the work [22], similar equations for f ( R, (∇ R)2 ) gravity were investigated on the basis of
a transition to the CCM with additional inclusion of matter fields.
The good correspondence with observation data for CCM derived from modified f ( R) gravity
theory with a kinetic scalar curvature was shown in [26]. There also new method of cosmological
parameters calculation based on reduction of two-fields model to standard one with a single scalar
field is proposed. Parametric correspondence to observational data is shown for massive scalar field,
power-law and intermediate inflation.
The study of cosmological models by the methods of qualitative analysis of dynamical systems
has been used for a long time, which is reflected in the monograph of Bogoyavlensky [27]. The active
use of qualitative analysis of dynamical systems techniques in models of cosmological inflation began
in fact with the pioneering work of Starobinsky [28,29] and the works of Belinsky with co-authors [30].
Many works with single scalar field devoted to searching of exact solutions [7–9] as well as in the
context of qualitative analyses (see, for example, [31–34] and literature quoted therein) have been
performed.
Investigation the cosmological models with qualitative analysis executed in a series of
works [35–38]. Qualitative and numerical analysis were performed for cosmological models with
a phantom scalar field [35,36] with asymmetric scalar doublet (see, [37] and literature quoted therein)
with canonical and phantom fields [39,40]. We note that kinetic interaction between scalar fields were
not considered in all these works.
Another example is the approach outlined in [41], where the features of the evolution of
cosmological models were considered from the point of view of their dynamics on the energy plane.
An important aspect of these works is the ability to establish all the basic asymptotes of the models

Universe 2020, 6, 195

3 of 21

without having exact solutions. Accompanying this qualitative information with phase diagrams
constructed by numerically solving the equations of cosmological models, it is possible to obtain a
very visual way to analyze the processes of the evolution of the Universe within the framework of the
assumptions made.
In this paper, a qualitative analysis similar to that carried out in the works [36,38,42] is applied
to a qualitative study of the properties of cosmological models with field matter in the form of
a two-component chiral cosmological model. The main task of this work will be to establish the
asymptotic properties of the models under fairly general assumptions about the nature of the models
themselves, including the potential of field interaction and the parameters of the internal geometry of
the chiral space.
The dependence of the asymptotic properties of the models on the functional form of the
interaction potential in the models with one scalar field has been well studied in the works listed
above. However, the role of the components of the chiral metric has not been studied in [36,38,42].
Therefore, the main goal of this work is to elucidate those features of the chiral metric components that
can significantly change the asymptotic dynamics of cosmological models.
The article is organised as follows. Section 2 gives introduction to CCM with N-fields. Section 3
contains the derivation of the standard form of a dynamical six-dimensional system of the 2-CCM.
The main and special critical points we introduce and find in Section 4. In Section 5 we perform
asymptotical analysis of the 2-CCM dynamic. We find and give classification for the main critical
points. The special critical points are investigated for the case of flat chiral space as well. In Section 7
we investigate the 2-CCM with flat chiral space by numerical methods and analyse the graphs of
model’s parameters. Section 8 is devoted to investigation of influence of the special critical points on
possible breaking the symmetry of the potential with respect to the "rolling" of the model fields into
symmetric critical points. In Section 9 we make conclusion of the investigation results.
2. Chiral Cosmological Model
The action of CCM as the action of the self-gravitating nonlinear sigma model (NSM) with the
potential of (self)interactions V ( ϕ) [43,44] reads:
S=

Z p

− gd4 x




R
1
A B µν
+ h AB ( ϕ) ϕ,µ
ϕ,ν g − V ( ϕ) ,
2κ
2

(1)

where R being a scalar curvature of a Riemannian manifold with the metric gµν ( x ), κ—Einstein
gravitational constant, ϕ = ( ϕ1 , . . . , ϕ N ) being a multiplett of the chiral fields (we use a notation
A = ∂ ϕA =
ϕ,µ
µ

∂ϕ A
∂x µ ),

h AB being the metric of the target space (the chiral space) with the line element
ds2σ = h AB ( ϕ)dϕ A dϕ B , A, B, . . . = 1, N.

(2)

The energy-momentum tensor for the model (1) reads
Tµν =

A
ϕ A,µ ϕ,ν



− gµν


1 A B αβ
ϕ ϕ g h AB − V ( ϕ) .
2 ,α ,β

(3)

The Einstein equation can be presented in the form
A B
Rµν = κ {h AB ϕ,µ
ϕ,ν − gµν V ( ϕ)}

(4)

which simplify the derivation of gravitational dynamics equations.
Varying the action (1) with respect to ϕC , one can derive the dynamic equations of the chiral fields

√

p
1
1 ∂h BC C B µν
,µ
∂µ ( − gϕ A ) −
ϕ ϕ g + V,A = 0,
−g
2 ∂ϕ A ,µ ,ν

(5)
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∂V
where V,A = ∂ϕ
A . Considering the action (1) in the framework of cosmological spaces, we arrive to a
chiral cosmological model [1,22,43,44].

3. Derivation of a Dynamical System of the 2-CCM
The two-component CCM with a diagonal metric of the chiral space [45] is represented by the
action:

Z p
Z 
p
1
1
1
4
,µ
,µ
S=
R − gd x +
h11 φ,µ φ + h22 (φ, ψ)ψ,µ ψ − V (φ, ψ)
− gd4 x.
(6)
2κ
2
2
Here we set ϕ1 = φ, ϕ2 = ψ. Moreover, h11 = const = 1 (gaussian coordinates) and h22 =
h22 (φ, ψ) are the metric components of the target (chiral or internal) space with the linear element
ds2in = h11 dφ2 + h22 (φ, ψ)dψ2 .

(7)

In the Friedmann–Robertson–Walker (FRW) spatially flat metric


dS2 = dt2 − a(t)2 dx2 + dy2 + dz2

(8)

the dynamic equations of the 2-CCM have the following form [1]:

 1 ∂h
∂V
22 2
h11 φ̈ + 3H φ̇ −
ψ̇ +
= 0,
2 ∂φ
∂φ
 1 ∂h
∂
∂V
22 2
h22 ψ̇ −
ψ̇ +
3Hh22 ψ̇ +
= 0,
∂t
2 ∂ψ
∂ψ


κ 1
1
H2 =
h22 ψ̇2 + h11 φ̇2 + V ,
3 2
2

1
1
Ḣ = −κ h22 ψ̇2 + h11 φ̇2 .
2
2

(9)
(10)
(11)
(12)

In this system the first two Equations (9) and (10) are the chiral fields equations and the last two
Equations (11) and (12) are Einstein-Friedmann ones.
To analyse these equations we must write it in the dimensionless form. To this end let us introduce
dimensionless variables xdl as follow
tdl =

t
φ
ψ
H
V
κ
, φdl =
, ψdl =
, hdl =
, Vdl =
, κdl =
t0
φ0
φ0
H0
V0
κ0

(13)

The argument t and functions φ, ψ, H, V in numerators of the system (9)–(12) are dimensional
functions. To make this system dimensionless one we must impose the following relations on the scale
values:
h0 t0 = 1, V0 = φ02 t0−2 , κ0 = φ02 .

(14)

Moreover, we choose κdl = 1 in further numerical investigations. Therefore the dimensional
gravitational constant κ is connected with the fields scale φ0 by the relation κ = κ0 = φ02 .
Using Equations (9) and (10) we can obtain an important expression for the interaction potential
as a function of a scale factor and, consequently, as a function of time V (t) = V ( a(t)). To this end let
us introduce auxiliary variables
ξ = h11 φ̇, η = h22 ψ̇,
which allow to write the system of equations in the form of the dynamical system.

(15)
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In terms of ξ − η variables one can rewrite the Equations (9) and (10) in the following form:
∂ 1
1
∂V
= 0,
ξ̇ + 3Hξ + η 2
+
2 ∂φ h22
∂φ
1
∂ 1
∂V
η̇ + 3Hη + η 2
+
= 0.
2 ∂ψ h22
∂ψ

(16)
(17)

Multiplying Equation (16) by φ̇ and Equation (17) by ψ̇, then adding up the results, we obtain at
the following equation:
d
dt



η2
ξ2
+
h11
h22




d
a6 + 2a6 V (t) = 0.
dt

Equation (11) can be written in new variables as follows:


1 2
1 2
κ
2
ξ + 2V .
η +
H =
6 h22
h11

(18)

(19)

From here we find:
1 2
1 2
6
η +
ξ = H 2 − 2V.
h22
h11
κ
Substituting this Equation into (18), we finally receive the following relation:

V=

1 b̈
,
3κ b

(20)

where b = a3 .
From the other hand, combining the Equations (11) and (12), we obtain
Ḣ + 3H 2 = κV (φ, ψ).

(21)

This equation is a standard element of cosmological models with scalar fields [9]. It is not difficult
to check that substituting (20) into (21) we get an identity.
Taking into account that one of the field equations is a consequence of the other three equations,
we can exclude Equation (12) from the system (9)–(12). After that we can reduce the system (9)–(11) to
the standard form of a dynamical system. To this end we choose the following as dynamic variables of
the system: H, ξ = h11 φ̇, η = h22 ψ̇, φ, ψ, a. The system of Equations (9)–(11) can now be reduced to
the following form:
Ḣ + 3H 2 = κV (φ, ψ),
η2

(22)

ξ̇ + 3Hξ −

1
∂h22
∂V
+
= 0,
2 h222 ∂φ
∂φ

(23)

η̇ + 3Hη −

∂V
1 η 2 ∂h22
+
= 0,
2
2 h22 ∂ψ
∂ψ

(24)

φ̇ = ξ/h11 , ψ̇ = η/h22 (φ, ψ), ȧ = Ha.

(25)

This system is a 6-dimensional (6D) dynamic system for which the Equation (19) is the integral of
motion. This integral gives 5D hypersurface in 6D embedding space. Phase trajectories belong to this
5D hypersurface.
The system of Equation (22) is adopted for numerical calculations. Some of the equations contain
chiral metric component h22 (φ, ψ) in the denominators. Formally, when one set h22 = 0 in CCM
dynamic Equations (9)–(12) we get the single field model. However, in numerical analysis, due to the
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singularity at points h22 (φ, ψ), when the trajectories approach them, the calculation is cut off because
of the limited accuracy of the calculation. Therefore in our analysis we can set h22 (φ, ψ) = 0.
4. Critical Points of the 2-CCM
The constructed dynamical system (22)–(25) of FRW cosmology equations allows us to carry out
the general analysis of the evolution of the two-component CCM, as well as a qualitative analysis of its
asymptotic behavior.
Let us pay attention to Equation (22). This equation is derived from the combination of
Einstein-Friedmann Equations (11) and (12). We suggest that the metric components of the target space
h11 and h22 are non-negative functions of ψ and φ:
h11 > 0, h22 ≥ 0.

(26)

Then from Equation (12) one can see that for all t:
Ḣ < 0.
Moreover, our suggestion (26) in the present work means that the phantom fields are not considered.
4.1. Critical Points for h22 > 0
Let us study the case when the chiral metric component h22 does not vanish anywhere: h22 (φ, ψ) >
0. Equating the derivatives in (22)–(25) to zero one can derive the equations corresponding to stationary
points
ξ 0 = 0, η0 = 0,

(27)

3H02

= κV (φ0 , ψ0 ),

(28)

∂V
∂φ

= 0,
φ=φ0 ,ψ=ψ0

∂V
∂ψ

= 0.

(29)

φ=φ0 ,ψ=ψ0

From here we find:
r
H0 =

κ
V (φ0 , ψ0 ),
3

(30)

where φ0 , ψ0 are the values of the fields at the extremes of the interaction potential. The extremes are
defined from Equations (28) and (29). We will call such critical points the main ones.
Thus, for all the main critical points, the value of the Hubble parameter H0 is determined by the
value of the interaction potential at the corresponding extremum.
4.2. Critical Points for h22 ≥ 0
If the function h22 (φ, ψ) vanishes under some values of φ and ψ then additional critical points,
connected with zeros of h22 (φ, ψ), can appeared. Such critical points we will call the special critical
points.
Let us denote as φs and ψs the values of the fields for which:
h22 (φs , ψs ) = 0.
We represent in the vicinity of the point (φs , ψs ) the Equations (23) and (24) of the system (22)–(25)
in the following form:
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1 ∂h22
∂V
h222 (ξ̇ + 3Hξ ) − η 2
+ h222
= 0,
2
∂φ
∂φ
∂V
1 ∂h22
+ h222
= 0.
h222 (η̇ + 3Hη ) − η 2
2
∂ψ
∂ψ

(31)
(32)

It is not difficult to see that in this case at the point (φs , ψs ), where h22 vanishes, the last equations
take the following form:
η2

∂h22
∂h
= 0, η 2 22 = 0.
∂φ
∂ψ

These equations no longer contain derivatives of the potential and automatically vanish under
the condition η = 0, which is the consequence of the rest equations of the system. Thus, in the general
case, the new special critical point will not coincide with any of the main critical points, which are
associated by definition with the minima of the interaction potential. For these singular points, its
defining equations are:

ξ s = 0, ηs = 0,
3Hs2 = kV (φs , ψs ),

(33)

h22 (φs , ψs ) = 0.
In this case, the limiting value of Hs is determined by the value of the potential at the special
critical point, but does not at the extremum of the potential.
Special critical points can form continuous curves in the function space. The variety of possible
situations in this case requires a separate analysis, which is beyond of the scope of this article.
However, we will pay attention here to one simple situation which can play an important role in
cosmological dynamics. For this, let us choose h22 in the form corresponding to the surface of rotation:
h22 = f (φ).

(34)

Let us assume that for the field value φ = φs : f (φs ) = 0. Then, in the vicinity of φ = φs in the
target space, the Equations (23) and (24) of the system (22)–(25) take the following form:
1
∂V
f (φ)(ξ̇ + 3Hξ ) − η 2 f 0 (φ) + f (φ)2
= 0,
2
∂φ
∂V
η̇ + 3Hη +
= 0.
∂ψ

(35)
(36)

Equation (36) of this system does not contain the factor f (φ), which vanishes at the point φ = φs .
Therefore, the equations for the special critical point will be as follows:
ξ s = 0, ηs = 0,
3Hs2 = kV (φs , ψs ),
∂V
f (φs ) = 0,
= 0.
∂ψ φ=φs ,ψ=ψs
Note that request

∂V
∂φ φ=φ ,ψ=ψ
s
s

(37)

= 0 is absent here and the potential has not to be an extremum.
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5. Asymptotical Analysis of the 2-CCM Dynamic
The presence of two types of critical points of the model, main and special, leads to more complex
analysis of the dynamics in their vicinity using the first order perturbation theory. In this section, based
on perturbation theory, complete classification of the main critical points of 2-CCM is carried out. The
perturbation theory near special singular points turns out to be much more diverse than the main ones,
which requires separate work. Therefore, in this section, perturbation theory is applied only for one
type of special points associated with the point zeros of the metric components of the chiral space.
5.1. Main Critical Points
To obtain the equations for perturbations in the first order we introduce the following new (small)
variables:
ξ = ξ 0 + v, η = η0 + w, φ = φ0 + Φ, ψ = ψ0 + Ψ, H = H0 + χ.
It is assumed here that |v|  1, |w|  1, |Φ|  1, |Ψ|  1, |χ|  1.
Substituting these relations into the original system (22)–(25) and discarding the terms of the
second order of smallness, we find:
Φ̇ = v, Ψ̇ = w, χ̇ = −6H0 χ,
v̇ = −3H0 v − UΦ − VΨ,

(38)

ẇ = −3H0 w − VΦ − WΨ.
Here:
U=

∂2 V
∂φ2

, V=
φ0 ,ψ0

∂2 V
∂φ∂ψ

, W=
φ0 ,ψ0

∂2 V
∂ψ2

.
φ0 ,ψ0

We see from the relations above that the asymptotic parameters of the fields in the first order of
the perturbation theory do not depend on the choice of the target space components h22 (φ, ψ) and h11 ,
if h22 (φ, ψ) does not have singularities.
The equation for χ is integrated independently of the other equations. The solution is
χ = χ0 e−6H0 t .

(39)

Equations for variables Φ and Ψ take the following form:
d2 Φ
dΦ
+ 3H0
+ UΦ + VΨ = 0,
2
dt
dt
d2 Ψ
dΨ
+ 3H0
+ VΦ + WΨ = 0.
dt
dt2
Note that this system in a certain sense is an analogue of the mechanical system of motion of
the ball in a potential field of forces. Its difference from such system is the presence of the specific
resistance force proportional to the ball speed with a damping decrement 3H0 . Looking for particular
solutions of this system in the following form:
Φ = Aeλt , Ψ = Beλt ,
we obtain the following algebraic system of equations:
λ2 A + 3H0 Aλ + U A + VB = 0, λ2 B + 3H0 Bλ + VA + WB = 0.
As a result, the characteristic equation for ζ = (λ + 3H0 /2)2 can be written as follows:
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(ζ + U1 )(ζ + W1 ) − V 2 = 0,

(40)

where we introduce the notation:
9
9
U1 = U − H02 , W1 = W − H02 .
4
4
From the Equation (40) we find:
q

2
1
ζ 1,2 = λ + 3H0 /2 = − (U1 + W1 ) ± (U1 − W1 )2 + 4V 2 .
2
From here we obtain the characteristic numbers:
q
3
3
1
λ1,2 = − H0 ± √
−(U1 + W1 ) + D0 = − H0 ±
2
2
2
q
3
1
3
λ3,4 = − H0 ± √
−(U1 + W1 ) − D0 = − H0 ±
2
2
2

1 p
√
D0 − S0 ,
2
1 p
√
− D0 − S0
2

p
p
where D0 = (U1 − W1 )2 + 4V 2 = (U − W )2 + 4V 2 ≥ 0 and S0 = U1 + W1 = U + W − 92 H02 .
Hence it follows that, depending on the kind of the quadratic form of the interaction potential near the
extreme, there are several different options of solutions behavior. These options are determined by the
magnitude of the eigenvalues which are defined by the relationship between D0 and the value of S0 .
We can divide all possible situations into two general classes. The first class A includes all critical
points for which the value of the interaction potential is strictly positive: V (φ0 , ψ0 ) > 0. For this case,
the asymptotic value of H0 is nonzero, which means that the universe goes asymptotically to the stage
of exponential expansion (inflation).
The second class B corresponds to zero value of the interaction potential at the critical points and
zero asymptotic value of the Hubble parameter: H0 = 0. This option means ȧ = 0, i.e. the scale factor
a asymptotically goes to some constant value a0 (stationary universe).
5.2. Class A of the Main Critical Points
Let us study class A of the main critical points. We have the following subdivision of the main
critical points for this class.
A1. S0 > D0 > 0
This condition means:
9
U + W > D0 + H02 .
2
From here we get:
3
1 p
3
1 p
S0 − D0 , λ3,4 = − H0 ± i √
S0 + D0 .
λ1,2 = − H0 ± i √
2
2
2
2
All eigenvalues have negative real part. Therefore these fixed points are stable focuses on the
phase plane. Since the imaginary part of the eigenvalues does not simultaneously vanish, these points
cannot be nodes.
A2. D0 > S0 > 0
Under this condition, we have:
9
D0 + H02 > U + W > 0.
2
The eigenvalues of the equations for perturbations will be as follows:
1 p
1 p
3
3
λ1,2 = − H0 ± √
D0 − S0 , λ3,4 = − H0 ± i √
D0 + S0
2
2
2
2
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The first two roots are real, but among them there can be both negative and positive ones, what
means, in the general case, the instability in neighborhood of these points. For stability in these points,
it is enough to impose the additional condition:
1 p
3
√
D0 − S0 < H0 .
2
2
With this condition the points will be the focus. Besides, the singular point can coincide with the
saddle point of the potential. Such coincidence distinguishes the dynamic system from the mechanical
model of rolling the ball into the minimum of the potential hole.
A3. S0 < 0
When this condition is true we have
U+W <

9 2
H .
2 0

From here we obtain:
3
1
λ1,2 = − H0 ± √
2
2

q

1
3
|S0 | + D0 , λ3,4 = − H0 ± √
2
2

q

D0 − |S0 |

q

D0 − |S0 |

This option splits into two additional ones.
A3a. S0 < 0, D0 > |S0 |
The eigenvalues in this variant are:
3
1
λ1,2 = − H0 ± √
2
2

q

3
1
|S0 | + D0 , λ3,4 = − H0 ± √
2
2

All eigenvalues are real. For stability, all four numbers must be negative. However, it is not
possible due to the condition |S0 | > 0. This means that all such points are unstable.
A3b. S0 < 0, D0 ≤ |S0 |
The eigenvalues in this case are:
1
3
λ1,2 = − H0 ± √
2
2

q

1
3
|S0 | + D0 , λ3,4 = − H0 ± i √
2
2

q

|S0 | − D0

The stability condition is reduced to additional one:
q

√
3 2
|S0 | + D0 <
H0 .
2

Then the point is the focus.
The general conclusion for the class A is like follow. All variants of the non-degenerate quadratic
form of the potential near the critical stable point lead to conclusion that this point is the focus. An
exception is the case S0 = D0 = 0 for which the critical point is a node, not a focus. This requires that:
U = W, U =

3
kV (φ0 , ψ0 ) > 0.
4

The latter means that the point is the minimum of the potential, the potential itself near the critical
point has a symmetric quadratic form (U = W), and its value is determined by the second derivative
U at this point.
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5.3. Class B of the Main Critical Points
In the class B of the main critical points the eigenvalues are:
q
1 p
1
−(U + W ) + D0 = ± √
D0 − S0 ,
λ1,2 = ± √
2
2
q
1
1 p
λ3,4 = ± √
−(U + W ) − D0 = ± √
− D0 − S0 .
2
2
p
p
Here D0 = (U1 − W1 )2 + 4V 2 = (U − W )2 + 4V 2 ≥ 0 and S0 = U + W.
The class B almost completely reproduces the subdivisions of the class A. The difference is the B1
option.
B1. S0 > D0 > 0
Under this condition we have:
1 p
1 p
λ1,2 = ±i √
S0 − D0 , λ3,4 = ±i √
S0 + D0 .
2
2
This means that all eigenvalues are purely imaginary, the critical point coincides with the
minimum of the potential and it is the center. In class A, this option corresponds to focus.
B2. D0 > S0 > 0
In this case, the critical point coincides with the saddle point of the potential and it is not stable
under all other conditions. In the class A2, the saddle point of a potential can be a focus.
B3. S0 < 0
Since we have
U + W < 0.
The critical point coincides either with the saddle point or with the maximum of the potential.
The eigenvalues are as follows:
1
λ1,2 = ± √
2

q

1
|S0 | + D0 , λ3,4 = ± √
2

q

D0 − |S0 |

It is clear that at least one of these numbers turns out to be real with positive real part. This means
that such critical points are unstable.
The considered variants of the asymptotic behavior of the system describe only the main
possibilities. There are several specific options for the system behavior in some special situations. The
first such situation is the case when the interaction potential is everywhere equal to zero V = 0. In this
circumstance, we have:
q
D0 = (U1 − W1 )2 = |U1 − W1 | = |U − W |.
In addition, in the limit t → ∞, the Hubble parameter tends to zero, which leads to power-law
inflation or the Friedman expansion regime, which requires separate analysis.
Another important feature of this system is the possibility of occurrence of critical points associated
with such field values, at which the metric component h22 (φ, ψ) vanishes. Analyzing the behavior of
the system near this point turns out to be difficult. However, it will be shown below that at such point
an additional attracting point can appear on the phase plane.
5.4. Special Critical Points
The analysis of the behavior of the system (22) near special critical points even in the first order of
perturbation theory is a difficult problem. To investigate it one needs analyzing equations in orders
of perturbation theory greater than the first. Therefore, in this work, we are not consider all possible
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variants of special critical points. Instead, we analyze only few important choices of the function h22 in
the form (34). Let us start with the choice:
h22 = φ2 .
This choice corresponds to flat internal chiral space, in which the field φ plays the role of the
radial coordinate, and ψ - the angular one for the polar coordinate system. The metric of the chiral
space with our choice is
ds2in = dφ2 + φ2 dψ2 .
To study special critical points, we assume that the minimum of the potential is shifted from the
point φ = 0, ψ = 0. Otherwise, the analysis of the problem also becomes more complicated and it
will not show the special behavior of the system which we want to illustrate further by numerical
calculation. Since h22 depends only on φ, the system of equations for perturbations will take the
following form:
Φ̇ = v, Ψ̇ = w, χ̇ = −6Hs χ,
2

(41)

2

(42)

ẇ = −3H0 w − Vs Φ − Ws Ψ.

(43)

K1 w = −Us (K1 Φ + K2 Ψ)

The introduced definitions here are:
Us =
K1 =

∂V
∂φ

, Vs =
φs ,ψs

∂h22
∂φ

∂2 V
∂φ∂ψ

φs ,ψs

∂h22
∂ψ

φs ,ψs

, K2 =
φs ,ψs

, Ws =

∂2 V
∂ψ2

,
φs ,ψs

.

All derivatives are calculated at special critical point with coordinates φs , ψs , where the
Equation (37) are fulfilled. In the case under consideration, φs = 0, and ψs is determined from
the condition:
∂V
∂ψ

= 0.
φ=φs ,ψ=ψs

The Equation (42) retains the terms of the largest second order. This equation does not contain
first-order terms.
If we choose f (φ) = φ2 we have: φs = 0. At this point:
K1 =

∂h22
∂φ

= 2φs = 0, K2 =
φs ,ψs

∂h22
∂ψ

= 0.
φs ,ψs

Therefore, the Equation (42) vanishes identically. In such circumstance it is necessary to consider
this equation in the third order. In this case this equation is reduced to the condition:
ΦΨ2 = 0.
Only one solution is not trivial: Φ = 0. In this case, near the special critical point, with respect to
the first-order perturbations of the field ψ, it takes the following form:
Ψ̇ = w, χ̇ = −6Hs χ,
Ψ̈ = −3H0 Ψ̇ − Ws Ψ.

(44)
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Therefore, when approaching special critical point, only the field ψ will oscillate.
6. The 2-CCM with Massive Chiral Fields and h22 > 0
Let us study 2-CCM with a potential corresponding to the massive scalar field theory. Such
potential is actively used in inflationary cosmology [9]. As standard type of massive two-fields
potential we consider the potential of the following form:
V (φ, ψ) = V0 + µ21 (φ − P)2 + µ22 (ψ − Q)2 .

(45)

Here P and Q are the real numbers determining the position of the minimum of the potential on
the (φ, ψ) plane. The number V0 > 0 determines the value of the potential at the minimum, and the
parameters µ1 and µ2 characterize the values of the masses of scalar fields.
At this stage we choose the chiral metric components in the following form:
h11 = 1, h22 = exp(qψ).
We easily find that this model has a unique fixed point φ0 = P, ψ0 = Q, which is steady focus.
According to the earlier analysis, the function h22 = exp(qψ) does not vanish anywhere (possibly only
at infinity), therefore there are no special critical points in this version of the model.
An example of the behavior of such a model is shown in Figures 1–3. The model matches the
choice of metric component h22 and a potential:
h22 = e−ψ , V (φ, ψ) = 1.0 + 4φ2 + 8ψ2 , P = Q = 0.

(46)

Figures 1–3 show the graphs of the behavior of the model parameters near the critical point for
the values of the parameters V0 = 0.25, µ21 = 4, µ22 = 8, q = −0.5.
Isolines of the interaction potential on the plane (φ, ψ) are shown in Figure 1. The time dependence
of the model parameters and the corresponding phase portrait are shown in Figure 2.

Figure 1. Isolines of the interaction potential (45) with phase trajectories for a set of 16 starting points.
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a

b

Figure 2. Dependence of the fields φ (a) and ψ (b) on t for the potential (45).

Figure 3a shows the graphs of the dependence of the Hubble parameter on time, and Figure 3b
shows the value of the deviation of the integral of motion from zero. The last graph shows the accuracy
of the solution to the problem.

a

b

Figure 3. Dependence of H on t (a); deviation of the integral of motion ∆(t) from zero (b).

7. The 2-CCM with h22 = φ2
As the example of 2-CCM, in which, in addition to the main critical point, there is also one
special point. Let us consider a model with a potential (46) where the minimum is shifted to the point
P = 1, Q = 2:
V (φ, ψ) = 1.0 + 4(φ − 1)2 + 8(ψ − 2)2 , P = 1, Q = 2,

(47)

In this case, we choose the functional form of the metric component h22 in the following form:
h22 (φ, ψ) = φ2 .

(48)

In this case, a special critical point appears at the point with coordinates φs = 0, ψs = 2. The
behavior of the model parameters for various initial conditions is shown in Figures 4–6.
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Figure 4. Isolines of the interaction potential (47) together with the phase trajectories of the model.

a

b

Figure 5. Dependence of the fields φ (a) and ψ (b) on t for the potential (47).

In Figure 6 the graphs of the dependence of the Hubble parameter on time and values of the
integral of motion are shown.

a

b

Figure 6. Dependence of H on t (a); deviation of the integral of motion ∆(t) from zero (b).

It is not difficult to see that the phase curves in the (φ, ψ) plane, depending on the position of the
initial point, tend to both singular points as t → ∞. If at the initial point φ0 < 0, the phase trajectories

Universe 2020, 6, 195

16 of 21

converge to a special critical point, and in the case φ > 0—to the main one. The specificity of a
special critical point is that its type cannot be characterized using standard definitions: node, center,
focus, saddle. As was shown, when approaching the considered special singular point, only one field
oscillates in the first order, which distinguishes the situation from both an attracting node and an
attracting focus. Moreover, this point is attracting only in the half-plane φs < 0, and in the half-plane
φs > 0, this point looks like a saddle. Therefore, this point is difficult to describe even in terms of
“half focus”, “half center” or “half saddle”. For this behavior of the model on the plane (φ, ψ), we can
offer simple mechanical analog, which was mentioned in the analysis of the main singular points. The
observed dynamics is analogous to the rolling of a ball into a hole under the action of gravity in the
presence of friction forces. In the absence of zeros for the function h22 (φ, ψ) for finite values of φ and
ψ, rolling at all initial positions of the ball leads to the main minimum. The presence of zeros in the
function h22 (φ, ψ) is similar to the appearance of insurmountable barriers to the motion of the ball.
As a result, by analogy with a ball, the fields “roll” to the conditional minimum of potential energy
located on the barrier, which is shown in Figure 4 by a vertical dotted line. This analogy illustrates the
tendency of all trajectories in the model with h22 = φ2 at φ0 < 0 to the conditional minimum of the
potential at the point φ0 = 0, ψ0 = 2. This behavior, most likely, is reproduced with more complex
structures of the zeros of the function h22 (φ, ψ). However, this requires a separate analysis beyond the
scope of this article.
Note also that the analysis of the phase curves in the φ − ψ plane (see Figure 4) demonstrates
oscillations of the ψ field near a special critical point in the absence of φ field oscillations, which is
in complete agreement with the formula (44) obtained earlier for a special critical point of the type
considered here.
As the plots of the dependence H = H (t) and H = H (φ, ψ) demonstrate, the asymptotic
behavior of the Hubble parameter essentially depends on the critical point to which the system moves,
depending on the initial condition. The graphs in Figure 6a show that the asymptotic values of
the Hubble parameter calculated in advance completely coincide with their numerical value. The
graph in Figure 6b shows that the constructed solutions were found with high accuracy, since the
calculations were carried out using the dverk 78 procedure of the Maple mathematical package using
the Runge–Kutta method of 7–8 orders.
Let us consider another example showing similar behavior of the model but with more
complicated potential of the following form:
V (φ, ψ) = 150 − 4(φ − 1)2 − 8(ψ − 2)2 + φ4 + ψ4 .

(49)

This potential has one minimum in the point φ0 = −1.769292354, ψ0 = 2.649435914. As in the
previous case, h22 = φ2 . The corresponding graphs of the model parameters change over time are
shown in Figure 8.
As in Figure 4, in Figure 7 the vertical dashed line depicts a “barrier” on which a special critical
point lies. In accordance with the equations of the system (44), only the field ψ oscillates near the
special critical point. This is clearly seen from the graphs in Figure 8, which illustrate the evolution of
fields near a special critical point. On the Figure 7, the oscillations of the field ψ are small and therefore
hardly noticeable. In Figure 9 it shown the graphs of the dependence of the Hubble parameter on time
and values of the integral of motion. The calculations for the model with the (49) potential were carried
out using the ck45 procedure of the Maple mathematical package using the Runge–Kutta method of
4–5 orders (using the dverk78 procedure for this model leads to an earlier termination of calculations
near singular points).
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Figure 7. Isolines of the interaction potential (47) together with the phase trajectories of the model.

a

b

Figure 8. Dependence on t of the fields φ (a) and ψ (b).

a

b

Figure 9. Dependence of H on t (a); deviation of the integral of motion ∆(t) from zero (b).

8. Example of Symmetry Braking
One of the most significant consequences of the appearance of special critical points in
cosmological models with chiral fields is the possibility of breaking the symmetry of the potential with
respect to the “rolling” of the model fields into symmetric main critical points. A simple example of
such model is a model with a symmetric potential φ4 of the theory of the following form:
V (φ, ψ) = 1 + (4 − φ2 )2 + 2ψ2 + ψ4 .

(50)

This potential has two symmetric minima at the points P± = (φ± = ±2, ψ0 ) and one maximum at the
point P0 = (φ0 = 0, ψ0 = 0). These three extremes represent three major critical points for the model.
The points P± are attracting, and P0 is repulsive. The points P± are located symmetrically with respect
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to P0 , which leads to the same probability of rolling the fields of the system to one of the points P±
under random perturbations of the fields near zero, provided that h22 (φ, ψ) has no zeros.
Let us now study the model with h22 in the following functional form:
h22 = (φ + |ψ|)2 .

(51)

For such a model, the zeros of h22 form two half-lines going out from the point P0 . These half-lines
form a barrier to which the fields roll as they tend to the main singular point P− . In the region where
the point P+ is located, the phase trajectories converge to this point without any obstacles.
Concerning Figure 10, (12) presents the results of a numerical analysis of the model with
potential (50) and metric component (51). The phase trajectories in the projection on the isolines
of the interaction potential are shown in Figure 10 for a set of 56 starting points, indicated by circles in
the figure. The main feature points are indicated by squares.

Figure 10. Phase portrait of the model (50) and (51).

In Figure 11 graphs of field evolution with time are presented. In Figure 12 graphs of the evolution
of the Hubble parameter and deviations of the integral of motion from zero are presented as well.

a

b
Figure 11. Changing fields over time: (a) φ, (b) ψ.

According to the general ideology developed above, in the region where the point P− is located,
the phase trajectories must converge either to the main point P− , or to the conditional minimum of
the potential on the half-straight zeros h22 . However, the numerical model demonstrates only that the
phase trajectories reach zero half-lines h22 . Near the zeros, the numerical calculation is cut off due
to peculiarities of the coefficients of the equations in these zeros. Therefore it is required additional
analytical analysis of models of this type near distributed special points. Such analysis is beyond the
scope of this work.
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a

b

Figure 12. Dependence of H on t (a); deviation of the integral of motion ∆(t) from zero (b).

The general conclusion that can be drawn from the given example is that zeros of the metric
components can break the symmetry of the models, which is only due to the symmetry of the self-action
potential. This means that if only the energy of the fields is taken into account in the analysis of
cosmological evolution, then the violation of symmetry such as baryon asymmetry may look like an
inexplicable phenomenon. The presence of completely different mechanism associated with the zeros
of the metric coefficients of the model can provide a real explanation for the violation of symmetry in
one form or another.
9. Conclusions
The most important conclusion that can be drawn from the performed numerical analysis of the
model are that the asymptotic behavior of chiral cosmological models is determined not only by the
minima of the interaction potential.
From the analysis of the dynamics of models in which the metric component h22 of the chiral
space vanishes at some points, it follows that the presence of these zeros can significantly change the
nature of cosmological evolution both with respect to the evolution of fields and with respect to the
Hubble parameter. An important circumstance in this case is that the appearance of special critical
points is determined by completely different physical mechanism than energy properties of the fields
participating in the formation of cosmological dynamics. The properties of the chiral space are not
directly related to the interaction potential of the fields. However, zeros of the metric components of
these fields form completely new asymptotic behavior of the fields and the Hubble parameter. As
already noted, the general behavior of the dynamics can be formally correlated with the rolling of a
ball into a well in the presence of impenetrable barriers in the wall. The type of special critical point
considered in this work does not fit, as noted, in the standard definitions of center, focus, saddle. The
example with distributed zeros h22 shows a rather complex change in the dynamics of the model,
not related to the interaction potential. The presence of special critical points in chiral cosmological
models may turn out to be an important element of cosmological dynamics with matter in the form of
interacting scalar fields and requires more detailed study.
The presence of two types of critical points of the model, main and special, leads to more complex
analysis of the dynamics in their vicinity using the first order perturbation theory. In this section,
based on perturbation theory, complete classification of the main critical points of 2-CCM is carried
out. The perturbation theory near special singular points turned out to be much more diverse than the
main ones, which require separate work. Therefore, here, perturbation theory is applied only for one
type of special point associated with the point zeros of the metric components of the chiral space.
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